1. In this paper we will discuss the behavior of the series CO (1.1) JZ fir1'2 exp (ifin log w + ind), i CO (1.2) JZ »-1/2(log w)-1'2 exp (iBn log n + ind) i which were first considered by Hardy and Littlewood [l] . Here 0 is real and nonzero; without loss of generality we may assume 0>O. Hardy and Littlewood have proved that the Abel means of (1.1) are unbounded almost everywhere. They have also given a functional relation connecting the series with certain lacunary power series. Using the Law of the Iterated Logarithm and the Central Limit Theorem for lacunary series, both of which will be stated later, we obtain sharp estimates for the behavior of the partial sums and Abel means of (1.1) and (1.2).
The series (1.1) and (1.2) have also been investigated by Paley [l] , who gave a different proof of the functional equation of Hardy and Littlewood. In this paper it is somewhat more convenient to use Paley's results.
The main results of this paper are the following two theorems. Theorem 1. If N (1.3) Sn(0) = JZ n-1'2 exp (*0» log n + ind), n=l CO (1.4) S"(e) = JZ n-l'2p" exp (iBn log n + ind), n=l * (1.5) Sn(B) = JZ w-1/2(log «)"1/2 exp (iBn log n + ind), n-l CO (1.6) S*(d) = JZ »~1/2(log w)-1'^" exp (iBn log n + ind), ji=i then almost everywhere in 6 we have the following relations:
Presented to the Society, February 25, 1956, under the title On the Littlewood serieŝ re~"2 exp (ipn+ind); received by the editors August 19, 1957. (l) The research resulting in this paper was supported by the Office of the Scientific Research of the Air Force under contract AF18(600)-1111.
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lim sup-!--^-= 1, *-« (log TV-log log log TV)1'2
n-a* (log log A7 log log log log A7)1'2 2. In the proof of the above two theorems we will use the following theorem of Paley [l ] :
Theorem A. If a = exp (27T0-1); z = pe™; z' = p'ew, p' = p exp (-1 -00-1); 0' = -0 exp (-1 -00-1) then JZ «~1/2(log w + 1 + 00~1)x exp (iBn log n)zn 71 = 1 (2.1)
where R is a function continuous in the circle p ^ 1. Also, if p = 1,
where p. denotes the integer next below 0(27r)_1 log N.
We also need the theorem of the Law of the Iterated Logarithm (see 3. In this section we will prove (1.7) and (1.8) of Theorem 1.
If we take X = 0, Equation ( We now turn to the proof of (1.8). For X = 0, p fixed, the left side of (2.1) is simply Sp(9). However, the right side of (2.1) is not an Abel mean of the series (3.2), because when p is constant p' is not. Therefore, in order to apply Theorem B to the right side of (2.1) we must replace p' by p. That is, we write CO Sp(ff) = e'^Oft1)1'2 X eu'*p" we obtain License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use * JZ w-1'2(log n + 1 + dfir1)-1'2 exp (ifin log n)zn (4.4) lim sup-= 1 F ((log log (1/(1 -P)) log log log log (1/(1 -p)))1'2 almost everywhere in 6. Now in order to obtain (1.9) and (1.10) from (4.2) and (4.4) we substitute (log w)_1/2 for (log w + 1+0/3-1)-1'2 and justify that the remainder is small. We will use the following theorem of Hardy and Littlewood (see Zygmund [l] ).
Theorem.
The Nth partial sum of the series JZ exp (ifin log w + ind) n=l is 0(N1'2) uniformly in 6.
We write * JZ w~1/2(log w)_1/2 exp (iBn log w + ind) 5. We now turn to the proof of Theorem 2. We will use the following theorem of Salem and Zygmund ([l] and [2] ).
Theorem C. If We note that it is sufficient to prove Theorem 2 in the case where E is an interval. The proof will be an immediate consequence of (2.1) and the following lemma.
Lemma. Let PN(9) be a sequence of functions defined on the unit circle and lctQN(9')=PN(9) where 6' = g (0) is a one-one mapping of the class C'.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Suppose furthermore, that for any interval E' on the 6' circle, the two dimensional distribution function of Qn(Q'), where 6' is restricted to E', converges to the Gaussian. Then if E is the image of E', under g~1(6') =f(6'), the two dimensional distribution function of Pn(0), where 8 is restricted to E, converges to the Gaussian.
If U' is any measurable subset of the 6' circle and U its image in the 0 circle then
Hence if we divide the interval E' into k subintervals 72/ so small that/'(0') varies by less than 5 over each Ei, we will have for any measurable subset Ui of Ei, where e is such that ((l+5)/(l-S))(l -e) gl; ((1 -S)/(l +S))(1 +e) ^ 1. Pw(9) = X -■ "ti (2-1 log V)1'2 0(2*)-1 log W e'i/4(27rft1)1/2 JI eie'a" =-+ 0(1) (2-1 log V)1'2 = Qn(6') which comes directly from (2.2) . Since by the theorem of Salem and Zygmund quoted above, 1/|£'| times the distribution function of /S(2ir)_1 log W e^/^Trft1)1'2 X) «i9'a' >-i (2-1 log TV)1'2 for 8' restricted to £' tends to the Gaussian so does 1/| £' | times the distribution function of Qw(6'). By the lemma just proved we have FN(£, v)/\E\ -*£(£> v) which is the first conclusion of Theorem 2.
The remaining conclusions of Theorem 2 are proved in the same manner as the first except that the special considerations that were used in §4 for each type of series or sum must be employed.
It should be mentioned that Paley developed functional relationships for more general series than just (1.1) and (1.2). The lacunary series on the right then have, however, both coefficients and exponents which are functions of 9. The methods of this paper are not immediately applicable to these series, but we hope to return to the problem on another occasion.
